The complexity of brass instrument radiation theory has led to a large number of hypotheses and simplifications, which allow for the development of computable models. Most of these, used in the calculation of input impedances, sound simulation and instrument auralisation amongst others, are yet to be validated experimentally. Schlieren imaging techniques permit visualisation of pronounced gradients in the refractive index of air, caused in turn by sharp changes in the density of air, such as the ones which occur during non-linear sound propagation in some loudly played brass wind instruments. In this study, a Schlieren optical setup is used to visualise the shape of the wave fronts radiated by a group of brass instruments with different degrees of flaring in their bells. The geometry of these wave fronts, and its evolution after leaving the instrument, is characterised and related to the flaring parameters for each instrument, providing grounds for evaluating the physical accuracy of existing models.
Introduction
The theory of radiation in brass instrument bells was first studied and formulated theoretically by Benade and Jansson in their early paper "On Plane and Spherical Waves in Horns with Non-uniform Flare" [1] , which is one of the foundation stones of the field. Radiation of some simplified cases such as cylindrical pipes are well known and have been experimentally validated (e.g. [3] ), since their initial formulation by Levine and Schwinger in 1948 [2] , for the unflanged end case, and Y. Nomura, et al. [4] in 1960, for the flanged end.
There is evidence in past studies [5] that the geometry of the rigid walls is crucial in determining the evolution of the wavefront from almost planar propagation to some form of sphericity. Benade and Jansson studied radiation from a trombone bell by moving a microphone in an arc following the circumference which cuts the wall perpendicularly at the termination of the bell. The phases of the standing wave, with a frequency below the peak of the horn function, are examined to finally prove the sphericity of the radiated sound [1] .
The characterisation of the geometry of brass instrument bells is an important step in understanding radiation, and it has been traditionally approximated in literature using a number of Bessel horn functions. In this article the formulation used is given by equation 1, where z is the axial distance from the bell end, a is the Bessel horn flare parameter, b is the distance from the Bessel horn asymptotic plane to the bell end, and d is the characteristic diameter.
These parameters have been fitted via a weighted Levenberg-Marquard iteration numerical algorithm to measurements performed via a collection of carefully calibrated rods which can be inserted into the instrument bell as described in [6] , and were used in equation 1, to generate the Bessel profiles plotted in Fig.1 (b) .
The instruments tested for this experiment were; a piccolo trumpet, a plastic pTrumpet, a Yamaha YTR2330 trumpet, a copy of a Hainlein natural trumpet, a Pless horn, and a conical glass funnel connected to a 2 m long plastic hose as displayed in Fig. 1 (a) , from left to right and up to down. They have been chosen to provide a progressively increasing rate of flare (from the conical funnel, with zero flaring, to the piccolo trumpet as the most flaring) as can be observed in the graph showing their measured and fitted bore geometries in picture 1 (b).
Schlieren imaging has been used in the past for many different applications, from fluid dynamics to musical acoustics. The most relevant references regarding the present article, are the studies of Hirschberg [7] and Pandya [8] as well as the preliminary works done by the team of Dr. Pablo Rendón. The convenience of this method is twofold, as not only the high amplitudes in themselves allow for visualisation, but also we can ensure that the edges detected corre- spond to equally phased signals, as it is the gradient of this shock wave (or high amplitude wave), which allows the visualisation.
By using this technique, we are able to study the geometry of such wave fronts without disturbing the pressure field in the way that a microphone array would.
The aim of this article, is to provide a continuation of the experimental works directed towards the validation and development of radiation models. In this study, the high amplitude sine waves suffer steepening through a nonlinear process which is characteristic of brass wind instruments, often leading to the production of shock waves. The radiated sound is rich in high frequencies, hence diverging from the linear conditions given in past validations.
Experimental methodology

Technical setup
The instruments were clamped horizontally with the bell end at one of the edges of the Schlieren test area and the mouthpiece end connected to a JBL model 2446H, 8 Ohms, compression driver loudspeaker via a mouthpiece adapter. The loudspeaker was driven by a Sherwood AX3030RA power amplifier outputting a sinusoid generated via a National Instruments data acquisition and signal generation system.
The sound signals were recorded via two Type 46BG 1/4 00 TEDS prepolarised pressure-field condenser G.R.A.S. microphones with TEDS IEEE 1451.4, one of them plugged into the mouthpiece adapter previously described, and the other one 15 cm away from the plane of the bell, on axis. Both microphones were connected to a National Instruments data acquisition system, which comprised a PXI-4461 card mounted on a PXIe-1073 chassis. The generation and acquisition of sound signals was performed using a program written in Signal Express and triggered externally via a pulse generator.
The usage of artificially generated signals ensured repeatability, automation of the measuring procedure, and most importantly, a reduced presence of turbulence in the radiated field [8] , a phenomenon that is characteristic of real playing and which entails visual artefacts likely to interfere with the image processing.
The radiated acoustic field is the result of the wave steepening experienced by forward going waves during their propagation inside the instrument, and therefore possesses a complex frequency spectrum rich in upper harmonics. For this reason, the value of the fundamental frequency (and its relationship to standing wave resonances in the instrument) does not seem relevant in this specific case, other than for transducer limitations and data processing requirements.
Nevertheless, all instruments were tested for input sine wave excitations at the frequencies: 750Hz, 1kHz, 1.5kHz and 2.5kHz. The only relevant variations observed were those of data quality, attributable to the limitations of the compression driver and viscothermal losses (more important at higher frequencies). Since no significant differences were found among the geometries of the wave fronts, only the data obtained from the 1kHz fundamental sine wave excitation are shown and analysed here.
The specific Schlieren method used was an on-axis mirror setup, similar to the one described in [8] . In this particular case, the light, provided by a Schott KL1500 LCD swan-neck lamp, was intense enough to permit visualisation without need for a condenser lens. The beam was limited via a circular shutter, 2 mm diameter.
The visible area, limited by the size of the mirror, was 0.15 m in diameter, and the focal distance of the mirror, crucial in aligning and setting up the rest of the optical elements, was 3m.
In on-axis Schlieren setups, the light originated by a point source located at the center of curvature of the spherical mirror is reflected back, focusing on this center. By placing a beamsplitter to deviate the reflected light into the camera, and placing a sharp edge at this deviated focal point, all rays diffracted by the density variations in the air miss the theoretical focus, and will be either shadowed by the edge or move away from it creating an increase in luminosity.
It is not obvious, a priori, if a vertical blockage would be beneficial over a horizontal one although these alternatives, among some others, are reviewed in the book by Settles [9] . Both options were therefore tested on this particular setup. Eventually, the best compromise between luminosity, sharpness and symmetry was obtained by placing the edge vertically, cutting off 50% of the converged beam at its location of minimum size.
The Schlieren images of the high amplitude radiated waves, were recorded using a Photron Fastcam SA 1.1 high speed camera with a frame rate of 75,000 samples per second at a resolution of 512 by 128 pixels and an exposure time of 50 µs. This camera was also triggered externally by the same method described above, allowing for the synchronisation of all the apparatus, and facilitating running the experiment.
Due to the sensitivity of the optical setup, slight temperature gradients in the laboratory could be observed, but did not introduce crucial noise.
Image processing and analysis automation
All collected data was processed by code written in MATLAB. Included in the code were multiple conditionals which rejected data that did not fulfil specific geometric requirements, and therefore the methods used in the code were chosen and tailored under minimum-rejection and minimum deviation (from expected values) criteria.
Firstly, five cycles were extracted from the videos, and the length of one cycle was defined in frames. The aim was to output a post processed and optimised collection of images which described the evolution of the front wave from the bell exit to the end of the viewed area.
The frames were grayscaled, cropped and averaged coherently, taking advantage of the divisibility of the frame rate of the camera by the frequency of the excitation signal. This step was key in improving the sharpness of the front wave, as it meant a peak to peak addition compared with the rms addition of all background noise.
This averaging demonstrated that the background noise was not completely random, and that some periodic and semi random brightening and darkening could be observed preceding and following the front wave. In order to minimise this, each averaged frame was subtracted from the previous one, effectively applying a high pass filter to the image along the direction of wave propagation and therefore emphasising the shock wave in relation to lower frequency components.
The high pass filtered frames obtained via the previous step were then individually smoothed using a Gaussian lowpass filter with a size of 5 pixels and a standard deviation equal to 2.
Finally, the profiles of the wavefronts were traced using the 'Canny' method for edge detection, as programmed in the Image processing toolbox of MATLAB. The thresholds used were optimised by hand in each video to yield the best results.
For this article, the front waves were fitted by circular shapes. The adequacy of this choice will be discussed in the next section, but for now, this allows characterisation of the geometry of the wavefront in a compact way, which is key when searching for any form of correlation between the bell geometry and wavefront behaviour.
The edges detected in every frame were fitted by a second order polynomial to minimise the effect of any possible double edges or slight irregularities. Although this step was not crucial, it increased the success rate of the circular fit algorithm, which was applied as a next step.
The linear least squares method for circle fitting discussed in Coope et al [10] as applied by Bucher [11] was used in order to determine the radius and location of center for the x and y coordinates of the polynomial describing the shape of the front wave. Visual examination confirmed the accuracy of this process, although further work could include precise delimitation of the error incurred in every case.
The data obtained from the previous case is in pixels. Distance calibration was initially done by comparison with other elements present in the view field, such as the diameter of the mirror or the bell of the instrument. Further analysis demonstrated that the displacement between frames of the wavefront was a better, self contained, and easy to automate calibration method, and thus was therefore implemented as an extra step in the code. This affirmation can be made since the supersonicity of radiated high amplitude waves has been found to be negligible when compared to the image resolution in this experiment [8] , and the temperature in the laboratory was carefully tracked during the entire data collection process.
Results and discussion
The results presented here describe the evolution of the front wave as it propagates from the bell end, which has been taken as the zero reference for the abscissa in all graphs. The Pless horn produced low quality data, with a wide deviation of radii and a high number of frames rejected by the processing methodology previously described, so the results are not shown here for this instrument. The evolution of the fitted radius values for the experiment is plotted against distance from the Since radius equals distance of propagation for a spherical wave, this theoretical graph has a gradient of one.
Displaying the evolution of the center of the experimentally measured circle fits for the wavefront shapes is also worthwhile, since an ideal source of spherical waves would have a fixed center. The deviation between the development of the measured radius and those expected from an ideal monopole results in a change in the apparent axial position of a virtual source as the wave propagates. This is shown in the right-most sub-figure in figures 4-8.
It can be observed that the conical glass funnel behaves almost exactly like a theoretical monopole with a minimum deviation from the theoretical values and minimum movement of the centers. Instruments with a more rapidly flaring bell deviate from this value and the centers tend to display a "wobble" around the center of the theoretical monopole, which has an amplitude that directly correlates with the observable speed of flare of the instruments.
As noted by Benade and Jansson [1] , the wavefronts for high frequencies approaching the exit of a horn can be understood as being the sum of an "s wave" and a suitable phase of "p wave" such that the radius of curvature near the exit appears to be flattened. This explains why the center of the virtual source for the conical glass funnel is, at 9 cm inside the bore, located further in than the apex of the cone, which is located 5 cm inside. The Hainlein instrument features the smallest bore gradient at the exit and correspondingly the virtual source is located, at around 17 cm, furthest inside the bore. Virtual source locations for the Yamaha trumpet, pTrumpet and Piccolo trumpet are all around 13 cm inside the bore (according the median values of the virtual source locations).
It is interesting to note that the high rate of flare at the end of these trumpets would give a virtual source location much closer to the end of the bell in the low frequency limit and that the high frequency waves measured here (being harmonics generated by nonlinear wave propagation) no longer maintain 90 degrees between the wavefronts and the walls at the end of the bore (as expected). Considering tangents to the bore profiles (that cross the x axis at the location of the measured position of the virtual sources), this suggests that spherical wavefronts meet the bore at 90 degrees until around 4 to 6 cm inside the instrument for all trumpets measured for the high frequencies under consideration (after which point the wavefronts can no longer diffract enough to maintain this condition). The piccolo trumpet appears to show an increasing radius as function of distance traveled which exceeds that expected for a source of spherical waves. However it was only possible to analyse wavefronts from this instrument over a restricted range of axial distances relatively far from the bell, and further measurements will be required to confirm the validity of this apparently anomalous result.
Conclusions and further work
The radiation field of flaring bells can be roughly assimilated to a virtual point source that oscillates around the center of the theoretical monopole. The amplitude of this oscillation is greater in instruments with a more rapidly flaring bell, although this trend remains to be characterised and correlated to the geometrical parameters of the bell. High frequency energy radiated from the instruments is consistent with the propagation of spherical wavefronts at 90 degrees to the walls inside the instrument until around 4 to 6 cm from the end of the bell (at which point the wave ceases to diffract sufficiently to maintain this condition).
Further work could include measuring the radiation field via a microphone array, for differently flared instruments, using low pressure amplitude sine sweeps and evaluating the phase relations in the geometry of the radiated wave fronts.
